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ABSTRACT. In this note, we will show that the Gross-Hopkins dual of E;GQ is

a p-adic suspension of itself at p > 5.

Recall that we have the determinant map
det : GQ — Z; .
Composing it with the quotient map Z, /F, = Z,, gives a homomorphism

CQZGQ*)ZP.

Denote by G3 the kernel of ¢, and let S = EQG;.

For a Morava module M € Mod((["’éz)*7 let M[det"] € Modﬁ;ﬂ* be the Morava
module twisted by det® : G, — Zy C (E2)y - To be explicit, the twisted G2 action
on M[det¥] is given by

Jaerrm = det(g)*gm.
Recall from the unpublished result of Hopkins that
Pic(Spr(2)) = Zp % Zy, x Z/2(p* — 1)

is topologically generated by L (2)S L and S[det]. The isomorphism can be chosen
such that LK(2)51 and S[det] correspond to (1,0,1) and (0, 1,2(p+1)) respectively.
The determinant sphere S[det] satisfies that (E3)) S[det] & (F2).[det] as Morava
modules.

Lemma 1. There is an isomorphism of Morava modules
(E2)YS = (E»)!S [det?™'] .
Proof. By [DH04, Thm. 2],
(E2)!S = Map® (G2/Gy, (Ez).) = Map® (Zy, (E2).) .,
where the Gs-action is given by
(99)(x) = gd(g™"z) = gd(z — C2(9))-

Note that there is a split short exact sequence

0 —FY —>ZX —>17,—>0.
mod p eP®

We then claim that for any g € Go,
p—1
det(g)P~! = <6p42(g)) € Z;;.

This is because det(g) and eP<(9) have the same image (2(g) in Z,. After taking
(p — 1)% power, both of them are congruent to 1 mod p.
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Now we construct the following map
F : Map® (Zy, (E2)+) = Map® (Zy, (E2).) [det?™];

6 (F(9) 12 e’ Pg(a))
Note that

F(g9)(x) = e =% (g¢)(z) = e® P g6(z — (a(g)),
and that

(Gaetr—1F) () () = det(9)" ™' gF (¢)(z — Ca(9))
_ IP)Gala)g (e(pQ—pm—cz(g))qs(x ~ G(9))
— (P =P)C2(9) o (0* —P) (x—Ca(g g¢>(x—C2( )
= e(p 7P)Ig(f)($ —¢2(9)),

we can see that F' is a map of Morava modules. Similarly, we construct the map
G : Map®© (Z,, (E2)+) [det?™!] — Map® (Zy, (E2)4);

NS (G(’(/J) DT e(p_pQ)”“'@/J(gc)) .

Note that
2
G(ggerr—19)(x) = P77 det(g)P " gib(w — (a(9))
= e P)E=C(9)) gy (2 — (4(g))
2

=g (e(p,p )(wfcz(g))d,(x _ CQ(Q)))

= (9G)(¥)(=),
we can see that G is also a map of Morava modules. It is easy to see that F' and G
are inverses of each other, and the result follows. ([l

Lemma 2. The functor (E2)Y(—) induces an isomorphism
7o Map (S, S[det”']) — Homy, . ((E2))S,(E2))S [det?™']).
(B2)*

Proof. By [Hov04, Thm. 2.6], (Es)YS = Map® (Zy, (E2).) is pro-free. By [BHIE,
Thm. 3.1], there is a K(2)-local E2-Adams spectral sequence

Byt = Bty i, (B2)Y By, (B2)YEL™) = my Map (5, S[det” ™)) . (1)
By [BH16, Cor. 3.2], there is an isomorphism
Xty 1, ((EQ)XE;@, (Ez)zEgGi) =~ [ (G}, m Map(S, By)) .
y [GHMRO5, Prop. 2.5], there is an isomorphism
T Map(S, Ez) = (E2).[[Z,]]-
Then the Fs-term of the spectral sequence becomes
"= H (Gy; (B2)i[Z,]]) -

By [Hen07, Thm. 6], cd,(G3) < 3, and thus, Ey* = 0 for s > 3. On the other
hand, for any a € F} C Z5 C Gy, we have det(a) = a*, and hence (3(a) = 0.
Therefore, F,' is a subgroup of G3. Furthermore, it is the torsmn subgroup of Z,,
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the center of Gg. This implies that F) is a normal subgroup of G, so it is also a
normal subgroup of G}. Then we have the Hochschild-Serre spectral sequence

H (G H' (B (B).[2,]) = H: (G (B2)[[2,]).
Note that p — 1, the order of F), is invertible in (FE2).[[Z,]], the cohomology
H*(F)5 (Ba)«[[Zp]]) = (E»).[[Z,)]"» is concentrated at cohomological degree 0.
Thus, the Hochschild-Serre spectral sequence collapses, and we have

H; (Gl (B2)ilIZ,)) = HE G/ (Ba)lZ,] ).

Here F acts on Z, = Go/Gj trivially. For a € F), its action on (E3)g is the
multiplication by a’. Therefore, H? (G%; (Eg)t[[Zp]]) is only possibly nontrivial if ¢
is a multiple of 2(p — 1). The sparseness then implies that

——0,0

_ 1 1
mo Map (‘S’a S[detpil]) = EXt(Ez)l/Eg ((E2)¥E£L(sz (E2):</E5(G72)

o hG} hG}

= Hongn?d(EQ)l/EQ ((E2)¥E2 2, (E2)! Ey 2)
1 1

= HomModGQ ((E2)"\‘/E;LG2’ (EQ):{E;LG2) )

(E2)x

where the last isomorphism is due to [BHIL6, Cor. 5.5]. Then the result follows. O

Theorem 3. There is an equivalence
S [det?™] ~ S.
Proof. By Lemma [2| there is a map S — S[det? 71] realizing the isomorphism in
Lemmall] Then it induces an equivalence
Loy (B2 AS) = Loy (E2 A S[det?™']).
By [HS99, Thm. 8.9], this map itself is an equivalence. O

Corollary 4. There is an equivalence

I,S ~ 2(1+p+p2+~- )|vz|+2p+37g
Proof. 1,8 ~ DyS A L
~YISAL
~ B7S A S?[det]
~ NP +p ) o2 +2p+3g .
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